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Abstract 

It is shown that every integral varifold in an open subset of Euclidean 
space whose first variation with respect to area is representable by inte- 
gration can be covered by a countable collection of submanifolds of the 
same dimension of class 2 and that their mean curvature agrees almost 
everywhere with the variationally defined generalised mean curvature of 
the varifold. 
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Introduction 

Overview In the present paper the existence of an approximate second order 
structure for integral varifolds in Euclidean space whose first variation with re- 
spect to area is representable by integratio n is est ablished. Such varifolds are 
called "of locally bounded first variation" in |Sim83| . Moreover, it is proven that 
the variationally defined generalised mean curvature of the varifold agrees al- 
most everywhere with the mean curvature induced from the approximate second 
order structure. This problem can be considered a geometric, nonlinear, higher 
multiplicity version of the following linear one: Prove existence of approximate 
second order differentials for weakly differentiable functions whose distributional 
Laplacian is representable by integration (i.e., by a "vector- valued Radon mea- 
sure") and show that these differentials satisfy the equation Lebesgue almost 
everywhere. Clearly, the linear case itself is not too hard to solve, and in fact 
follows immediately from classical results if the distributional Laplacian is inte- 
grable with respect to Lebesgue measure to a power larger than 1. Nevertheless, 
the main objective of the present paper is to develop a method which is based 
on the study of the nearly linear case and is sufficiently robust to be applied to 
the present elliptic system of geometric partial differential equations involving 
higher multiplicity. 

Results of the type obtained in the present paper have proven useful for 
example in the context of Brakke's mean curvature flow or sha rp an d diffuse 



interfaces or image reconstruction or the Willmore functional, see [Bra78. SchOli , 
Rog04 iRSOd IMROQI . IAMOSI . ISchOOt and the references therein. 
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Result of the present paper in the context of known results Fix posi- 
tive integers m and n with m < n. The principal result is as follows, see Section 
[l]for the notation used. 

Theorem 1 fsee I3.6p . Suppose U is an open subset o/R", V G IV and 
\\SV\\ is a Radon measure. 

Then there exists a countable collection C of m dimensional submanifolds of 
R" of class 2 such that \\V\\{U ^y_}C) = and each member M of C satisfies 

h(T/; z) = h(M; z) for \\V\\ almost all z e U f) M. 



In the terminology of Anzellotti and Serapioni |AS94l . 3.1] the first part 
of the conclusion can be expressed equivalently by the condition that U D 
{^:0 < 0™(||y||,z) < oo} meets every compact subset of C/ in a set which is 
{Jff"^, m) rectifiable of class The second part of the ass ertion is sometimes 
called "locality of the mean curvature" , see Schatzle SchOOl . §4] . 



Evidently, this implies that the function mapping almost every z onto 
the orthogonal projection of R" onto the approximate m dimensional tangent 
plane of ||T^|| at z is approximately differentiable. If the first variation of \\V\\ 



satisfies the integrability condition ( Hp ] below with sufficiently large exponent 



p then this map is in fact differentiable in a stronger L2(||y||, IIom(R", R")) 
sense. Whenever U is an open subset of R", V G IVm(C/) and 1 < p < oo, the 



varifold V is said to satisfy [Hp ) if and only if \\5V\\ is a Radon measure and, if 
p > 1, 

{5V){g) = -jHV\z)'g{z)A\\V\\^ for 5 e ^([/, R"), ^ 
h(F; •) G Lp(||V^|| Lif, R") whenever K \s & compact subset of U . ^ 

Theorem 2 (see l4.2l and l4.5p . Suppose U is an open subset o/R", 1 < p < 00, 



and V G TVrn{U) satisfies (H,^ 



If either m = I or m = 2 and p > 1 or m > 2 and pm > 2(m — p), then for 
almost all a 

fB(a..)(l^(^) - ^(«) - (^(«)(^ - a), apCi?(a)) \/\z - alf d\\V\\z 

as r ^ 0+ where R{z) = Tan^dlyjl, 2;)t] and the approximate differential is 
taken with respect to (||y||,m). 

With the possible exception of the case m ~ 2 this differentiability result 
is optimal with respect to the assumptions on p, i.e. whenever m > 2 and 



< 2 there exists an integral varifold satisfying ( Hp ] not having the property 



in question, see 14.41 It is worth noting, see l4.5[ that if a varifold additionally to 
the con ditions of Theorem [5] is a curvature varifold in the sense of Hutchinson 
Hut86l . 5.2.1], the n its generalised curvature agrees almost everywhere with the 



curvature induced by the members M of C of Theorem [T] - equivalently, the 
generalised second fundamental forms agree almost everywhere. 

In previous work Schatzle established the following result in codimension 
one of the existence of submanifolds of class 00 touching a given varifold, see 



Sch04l . Proposition 4.1, Theorem 5.1] where it is phrased in terms of upper and 



lower height functions. 
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Theorem (Schatzle SchOJ|). Suppose U is an open subset of R", p > m = 



1, p >2, and V G TVm{U) satisfies {Hp 



Then for \\V\\ almost all a there exists < r < oo such that 
U(a + i;,r) nspt||y|| = 
whenever v G Nor™(||y||, a) with \v\ = r. 

This is the key to showing that such a varifold satisfies the conclusion of The- 
orem [TJ see Schatzle ISch04l. Th eorem 6.1], and, in combination with previous 
results of the author in MenOQaL 3.7, 3. 9], also th at it satisfies the conclusion of 



Theorem[2] Evidently, see for example MenOQaL 1.2], Schatzle's Theorem does 
not extend to the case p < m. Also, the use of the theory of viscosi ty solu tions 
for fully no nlinear equations, more precisely the results of Caffarelli Caf89j and 
Trudinffer [TruSflj . leads to the restriction to codimension one, i.e. m = n — 1. 

Therefore, in order to establish Theorem [U a different method needs to be 
developed which is able to deal both with the low integrability of the generalised 
mean curvature and with higher codimension. The main independent result 
in this process is the following Theorem stated here in the case of Laplace's 
operator. 



Theorem 3 (see l2.10|) . Suppose U is an open subset ofH" 
weakly differentiable, j € {0, 1}, 1 < q < oo, 



u : [/ ^ R"- 



h{a,r) = inf {E-V""^'|DX«-«)l,;a..:" e ^(U(a, r), R""™), Lap« = 0} 

whenever a(£U,0<r<oo with U(a,r) C U and A denotes the set of all 
a € U such that 



limsupr h{a,r) < oo. 

Then for I£"^ almost all a ^ A there exists a polynomial function Qa '■ R™ 
j^n-m degree at most 2 such that 

Here the seminorms | • |^.^^ correspond to Lq(.if™ l U(a, r)). The weaker 
statement which results when the con dition Lap v = is replaced by D^v = is 
contained in Calderon and Zygmund CZ6ll . Theorem 5] if g > 1. However, the 
construction of affine comparison functions at a given point from information 
on the distributional Laplacian o f u may - for integral orders of differentiability 
- fail at individual points, see MenOQa . 8.6]. This corresponds to the well 



known fact of the nonexistence of Schauder estimates for the Holder exponent 
1. In this respect the value of the current theorem stems from the fact that 
harmonic comparison functions are readily constructed independent of the order 
of differentiability considered, cp. 12.121 In fact, if j = 1, g > 1 and denoting by 
T e ^'(J7,R"-'") the distributional Laplacian of u then 



l,g;a,r 



< Th{a,r) 



whenever a G (7, < r < oo, U(a, r) C U and u\V{a, r) e Wi'«(U(a, r), R""™) 
where F is a positive, finite number depending only on n and q and M_]^ ^.^ ^ 
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denotes the seminorm corresponding to (WQ'*^'-*~^''(U(a,r),R"~™))*. In par- 
ticular, if T is representable by integration and q < m/(rn — 1) if to > 1 then 
one verifies ^™(J7~^) = 0. An extensive study of both integral and noninte- 
gral orders of differentiability for solutions of linear elliptic partial differential 



equations in nondivergence form can be found in Calderon and Zygmund CZ6lj . 

In passing to divergence form equations, one is naturally lead to consider 
the related problem for distributions: 

Theorem 4 fsee l2.12l and lA.3| ). Suppose U is an open subset o/R™, 1 < q < oo, 
T e &'{U, R"~™) and A denotes the set of all a e U such that 

lim sup r-i-"/«|T| < oo. 

Then for ^™ almost every a Cz A there exists a unique constant distribution 
Ta e ^'(C/,R"-'") such that 

^lim r-i-/,|T_T„.|_,^,^,,,, = 0. 

This may be seen as a Lebesgue point theorem for distributions. In case 
q > 1, it is in fact a corollary to Theorem [3] obtainable by representing T locally 
as distributional Laplacian of some function u. In contrast, the case g = 1 is 
independent from the other results of the present paper. 

Finally, it should be noted that the proof of Theorem [3] only relies on a 
priori estimates in Lebesgue spaces, i.e. "Lp theory" , which are known to hold 
for a much wider class of linear equations, see Agmon, Doughs and Nirenberg 
ADN5fll . lADNfi4 |. 



Outline of the proofs To prove Theorem [31 one considers the subsets of Ak 
of A of all a G ^ such h{a,r) < kr^ whenever < r < 1/k. Denoting by Va^r ■ 
U(a,r) — > R""™ harmonic functions essentially realising the infimum in the 
definition of h, one then uses the partition of unity with estimates from |Fed69l . 
3.1.13] together with well known a priori estimates for the Laplace operator to 
construct functions Vk : R™ j^n-m with the following properties, see l2.8l 

(1) There holds 

for a S Ak and < r < (36A:)~^ and F a positive, finite number depending 
only on n and q, in particular Vk{x) = u{x) for ^™ almost all x £ A^. 

(2) The distributional Laplacian of Vk is represented by a function locally in 
Loo(=§^'",R""")- 

Then clearly Vk locally belongs to W^'«{R™, R"^™) for 1 < g < cx) and the 
conclusion of Theorem [3] follows from by now classical differentiability results 
for functi ons in Sobolev spaces which where also obtained by Calderon and Zyg- 
mund in |CZ61 1 . An important feature of this proof is that it is readily adapted 



to the case where the Laplace operator is replaced by the Euler Lagrange dif- 
ferential operator Lp corresponding to an integrand F : IIom(R™, R"~™) — s- R 
of class 2 sufficiently close to the Dirichlet integrand, i.e. LipD^i^ < oo and 

I {{Ti,T2),D^F{a)) -Ti»T2\ < e for a,ri,r2 S Hom(R™,R"-™) 
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with suitable number e. 

Next, it will explained how this result on a rather restricted class of differ- 
ential operators can be used to treat the general case. For this purpose let U 
be an open subset of R" and let V G TVm{U) be such that \\5V\\ is a Radon 
measure. Comparing the behaviour of V near certain "good" points to the be- 
haviour of harmo nic fun ctions, a procedure developed by De Giorgi in pG61,] 
and Almgren in [Alm68| , one proves the tilt decay estimate 

for V almost ah (a,T) where < t < 1 if m e {1, 2} and r = ^(m-i) < 1 if 
m > 2. T his has been done by the author in MenOQd . 8.6] extending results 



of Brakke Bra78l 5.7, 5] who proved the case t = 1/2 with "< cxd" replaced by 



= which is sufficient for the proof of all Theorems stated in the Introduction. 
As the order of differentiability considered is nonintegral, i.e. < t < 1, the 
argument applies, in contrast to those of the prese nt paper , in a direct way to 



all points satisfying a simple set of conditions, see [MenOQd . 8.3]. 

The principal idea to prove Theorem [1] is now to use the tilt decay estimate, 
to construct a sequence functions gi : R™ R"~™, ££™ measurable sets 
Ki C R™ and distributions T.^ e ^'(R™, R"^™) with the following properties: 

(1) The varifold is covered by suitably rotated graphs of the gi\Ki. 

(2) The distribution Ti corresponds to the Euler Lagrange differential operator 
associated to the nonparametric area integrand $ applied to gi. 

(3) There holds 

^hiTYr-i-"/u(^^)|i?g.(C) - Dg,{x)\^A^^\ = whenever x € K,. 

(4) The Lipschitz constant of the gi is small. 

(5) The distributions Ti satisfy the conclusion of Theorem[4]with q — \ and A 
replaced by Ki with constant distribution given by the generalised mean 
curvature of the varifold. 

Condition ([?]) is the minimum condition needed to be able to replace $ with some 
integrand F of the type discussed before in the definition of Ti without changing 
it, see l2.20l The basis for the construction of g^, A'^, and Ti is an approximation 
by QqIR""™) valued functions where the space Qq(R"^™) is isometric to the 
Q fold product of R"^™ divided by the acti on of gr oup of permutations of 



{1, . . . , Q}. Here the version of the author in [MenOQd . 4.8] is employed which 
contains some estimates designed for the current applications a nd was o btained 
by combin ing and extending similar constructions of Almgren in [AlmOfll . §3] and 



Brakke in [Bra78l 5.4]. This yields Lipschitzian functions : Ki ^ Qq;(R"^™) 



with small Lipschitz constant for suitable positive integers Qi. Denoting the 
"centre" of 5 £ Qq(R"-") by VgiS) = Q-^ y, whenever yi, . . . ,yQ G 

j^n-m correspond to S, the functions gi are then constructed in l3.3l as extensions 
of tjq, ofi. In this process the conditions Q and (O are ultimately consequences 
of the tilt decay estimate. 
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The final step in the proof of Theorem [T] is now to construct for fixed i and 
X € Ki comparison functions Vr € W^'^(U(a;, r), R""™) with Lpivr) = for 
< r < cx) and estimating gi — Vr in U(a;, r), see l2.13H2.17l The natural choice 
is to take Vr as solution of the Dirichlet problem with boundary values given 
by gi. If (7 in ([5]) would satisfy q > 1 this would immediately yield an estimate 
of gi — Vr in ^¥^^"^(11(2;, r), R"^'"). In case q — I the estimate needs to be 
obtained differently, namely, linearising F and estimating the remaining terms 
with the help of condition ([3]), one obtains an estimate in Li (U(x, r), R"~™) 
instead, see 12.151 Then the extended version of Theorem [3] with Lp replacing 
Lap, see 12.101 implies the first part of Theorem [TJ Recalling condition ([5]) , the 
second part is derived similarly by using functions Wr G W^'^(U(x, r), R"""*) 
with Lp{wr) = {Ti)x where (Ti)^ is the constant distribution corresponding to 
Ti at X as in Theorem 2] 

Organisation of paper In Section[l]the Notation is fixed. Section[2]contains 
all results which can be phrased solely in terms of elliptic partial differential 
equations and distributions, in particular Theorem [3] and the case g > 1 of 
Theorem |31 Section [3] is devoted to the proof of Theorem [T] whereas Section 0] 
contains Theorem [51 Finally, Appendix |^ gives the proof of the case q = 1 oi 
Theorem |31 

Acknowledgements The author offers his thanks to his PhD advisor Profes- 
sor Dr. Reiner Schatzle who lead him towards the study of this problem. The 
author also thanks Professor Dr. Tom Ilmancn for several related discussions. 



1 Notation 



The notation from Federer Fed69j and AUa rd [A1172j is used with some modifi- 



cations and additions described in |Men09d . §1,§2]. Additionally, whenever M 



is a submanifold of R" of class 2 the mean curvature of M at z £ Af is denoted 



by h(M; z), cp. AUard jA1172l . 2.5 (2)]. And if U is an open subset of R™ and 
y is a Banach space then T is called a constant distribution in U of type Y if 
and only if for some aeY* there holds T{0) = Jjjao0 d^™ for 9 e ^{U, Y). 
Moreover, a subset of a topological space is called universally measurable if and 
only if it is measurable with respect to every Borel measure on that space. 

The reader might wan t to re call the following maybe less comm only used 
symbols either taken from lFed69l . 2.2 .6, 2.8.1, 1.10.1] or introduced in jMenOQd . 
§1]: ^ denoting the positive integers, U(a, r) and B(a, r) denoting respectively 
the open and closed ball with centre a and radius r, 0*(V, W) and 0* V de- 
noting the vector space of all i linear symmetric functions (forms) mapping V'' 
into W and R respectively and the seminorms 

l/U..= (/u(a,.)l/rd^'")'^' ffp<0O, 

\f\oo;a,r = mf {t : ^™ (U(a, r)n{x: \f{x)\ > t}) = 0}, 
\Tk,;a,r = (0) I 6 G S^{U, R""™), spt 6 C U(a, r), p-'^l^^,^, < 1} 

whenever m,n G m < n, [/ is an open subset of R™, a e R'", < r < oo 
with U(a,r) C C/, / is an ^™LU(a,r) measurable function with values in a 
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Hilbert space, 1 < p < oo, 1 < q < oo with l/p+l/q=l,iisa negative integer, 
and T e ^'([/,R™). 

2 A criterion for second order differentiability 
in Lebesgue spaces 

The purpose of this section is to prove 12.101 which contains Theorem |3] of the 
Introduction and to provide the preparations necessary for its apphcation in 
Section [3] 

First, in 12. li the situation studied is described. Then, for the convenience of 
the reader, in 1 2 . 2H[^77I adaptions and apphcations of standard theory are carried 
out. The main ingredient in the proof of 12.101 is contained in 12.81 The part 
g > 1 of Theorem U] is provided in 12.121 Finally, in I2.13H2.17I it is shown how a 
certain nonintegral differentiability condition on the solution u allows to treat 
the case where estimates for Lf{u), see 12.11 are only available in |-| -^ -^.^^ ^. 

2.1. Suppose m,n G m < n, 

and Xi, . . . ,Xm 
are dual orthonormal bases of R™ and 0^ R™ and 

and Yl, . . . ,y„ 

— m 



are dual orthonormal bases of R" and 0^ R" The norm denotes for 
any 'f G 0" Hom(R™, R"~™) the smallest nonnegative number M such that 

*(CT,r) < A/|cr||r| for ct, r G Hom(R"\ R"""). 

The expression ^(tr, r) for ct, r G Hom(R™,R"^™) will be denoted alternately 
by ((g, t), \t^) and, using to denote multiplication in 0^ Hom(R™, R"^™), 
see 



Fedel 1.9.1], also by (cr r, ^f). It equals 



m n — rn m n — rn 



E E E E {r{e,),Yi) 

i=l j=l k=l 1=1 

where ^ij;k,i = '^{XiVj, XkVi) and Xv maps x G R™ onto X{x)v G R""™ 
whenever X G 0^ R" and v G R""™. 

Let T G 0^ Hom(R", R"-") be defined by 

T(cr, T) = a»T for cr, T G Hom(R™, R"~™), 

and suppose F : Hom(R'", R""™) — > R is of class 2, < e < oo, and 

\\D^F{a) - T|| < e whenever a G Hom(R™, R""™). 

The quantity Lip D^F will be computed with respect to | • | on Hom(R™, R"^'") 
and II • II on 0^ Hom(R™, R"""). 

To each such F there corresponds the Euler Lagrange differential operator 
Lp which associates to every u G W^'^(C/, R"~™) for some open subset U of 
R™ a distribution Lf{u) in ^'(C/,R"-") defined by 

LF{u){e) = {D0{x),DF(Du{x))) d^"'x for 9 G ^([/,R"-"). 
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There also occurs the linear function Cf{<7) : 0^(R™,R"-") R""™ which 
for a g Hom(R'", R"~™) is given by 

m n—m m n—rn 

{cl,,CF{a))=J2Yl E E {iX^v,,X,Vl),D■'F{a)) (0(e„ e^), F,) 
i=i j=i k=i 1=1 

whenever G 0^(R™. R"~"'). The function Cf(o') is uniquely determined 
by D^F(a), see |Fed69l . 5.2.11]. One obtains by partial integration for u S 

w2.i(;7,R"-'"), e ^(J7,R"-'") 

Lf{u){0) = J^e{x) • (d2u(x), Cf(Du(x))) d^^x. 

Sometimes also S' : 0^(R™,R"^™) ^ R"~™ corresponding to the Dirichlet 
integrand, i.e. F{a) — |cr|^/2 for a G Hom(R™,R™), (and therefore to T) will 
be used. Note (0, S) — ei) whenever cj) e ©^(R™, R"^™). One may 

check that with k ~ 2^/^m(n — m) 

|Cf(ct)| < ^^^^((t)!!, |Cf(ct) -S\< ke, 
\CF{a) - Cf(t)| < K\\D^F{a) - D'F{t)\\ 

for (T, T G Hom(R'", R"~™) where | • | denotes the norm associated to the inner 
product on Hom ( ©^(R™, R"""'), R""™) , see |Fed69l . 1.7.9, 1.10.6]. 



2.2 Theorem. Suppose n G ^ and 1 < p < oo. 

Then there exist positive, finite numbers e and T with the following property. 
Ifn>me^,Tisas in \2.1l a £ R™, <r < oo, 

A : U(a, r) ©^ Hom(R'", R""") is ^™ l U(a, r) measurable, 
— T|| < e whenever x G U(a, r), 

then for every T G f^'(U(a, r), R"^'") with \T\_i^.^^ < oo there exists an 
if'"LU(a,r) a/mosf unique u G Wj'''(U(a, r), R""") swc/i that 

-/u(a,r) (^^(2^) A{x)) d^™x = T(0) /or e G ^(U(a, r), R"-™). 

Moreover, whenever u and T are related as above there holds 

|Du|p.„ < r|r|_-^ p.^^. 

Proof. By the Neumann series (cf. |Fed69l 3.1.11]) it is enough to consider the 
case e = 0. Note also that there exists g G Lp(^'" l U(a, r), Hom(R'", R""™)) 
with T{e) = -/u(^ ,,)5-7?edif- for G ^(U(a, r), R"-") and \T\_^ .^.^^^. = 

Ifllp-ar Hahn Banach's theorem. 

The conclusion then follows from jCiuOSl . Theorem 10.15] in case p > 2 to 
which the case p < 2 reduces by use of a duality argument. □ 

2.3 Theorem. Suppose n G 1 < q < oo, and 1 < p < oo. 

Then there exists a positive, finite number e with the following property. 
Ifn>m€^,Tisas in\K^ a G R™, iXr <oo, 

A : U(a, r) ^ ©^ Hom(R'", R""") is ^™ l U(a, r) measurable, 
ll^(x) — Tl|<£ whenever X £\J {a, r), 
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and u e Wi^'?(U(a,r),R"-™), T G ^'(U(a, r), R""™) satisfy 

-/u(a,r) (^^(2^) Dm(x), d^™a; = for d £ ^(U(a, r), R"-"), 

then 

where T is a positive, finite number depending only on n and p. 

Proof. Let < 5 < 1, suppose n, q, p, m, T, a, r, A, u, and T satisfy the 
hypotheses in the body of the theorem with e replaced by 6 and assume q < p- 
It will be shown that u satisfies the estimate in the conclusion of the theorem 
provided S is suitably small. 
The problem will be reduced. 

First, to the case p = qhy constructing as solutions of approximating Dirich- 
let problems by use of 12.21 a sequence of functions Ui € W^'P(U(a, r), R"^™) 
such that ^ M in W-'^'^(U(a, r), R""™) as i ^ cx3 and for i E £P 

-/u(a,r) {D0{x)QT>Ui{x),A{x)) d^"x = T{e) for 6 e ^(U(a, r), R""™) 

provided S < mi{q^n,p), q^n, q)}. 

Second ly, to t he case p — q and 5 — Q hy considering Simon's absorption 
lemma in f;S im97l . p. 398]. 

Thirdly, to the case p — q, 5 — and T = by use of 12.21 and Poincare's 
inequality. 

Finally, the remaining case follows by convolution from GTOll . Theorems 
2.8, 2.10]. □ 

2.4 Theorem. Suppose n G ^ and 1 < p < 00. 

Then there exists a positive, finite number e with the following property. 
Ifn>mE^,Sis as in \2.1[ a S R™, <r < 00, 

B : U(a,r) ^ Horn (©^(R™, R""™), R""™) is if™LU(a,r) measurable, 
\B(x) ~ S\ < e whenever x G U(a, r), 

and u G W2'P(U(a,r),R"-™), / G Lp(^'" l U(a, r), R"-") satisfy 

{D'^u{x),B{x)) = f{x) for^'"' almost all x G U(a,r), 

then 

where T is a positive, finite number depending only on n and p. 



Proof From jGTOlL Theorem 7.22] and Ehring's lemma, see e.g. [WloSTI . The- 
oreml.7.3], it follows that for every < k < 00 there exists a positive, finite 
number A depending only on n, p, and k such that 

-2-m/p| I < Kr-"'/P\T)'^v\ +Ar-2-™|wL 

I lp;a,r — I lp;a,r ' I ll;a,r 

for V G W^'P{U{a, r), R"-"). 

Now, one may readily use GTOll Theorem 9.11] in conjunction with the 
absorption lemma in Simon Sim97l p. 398] to obtain the conclusion. □ 
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2.5 Lemma. Suppose n G ^ , 1 < q < oo, and I < p < oo. 

Then there exists a positive, finite number e with the following property. 
IfF is related toe as m\Ml a G R", < r < cx), u G Wi'«(U(a, r), R"-"), 
and f G Lp(^™ L U(a, r), R"-") satisfy 

Lf{u){9) = J^^^^^^d{x)»f{x)d^"'x whenever 6 e ^(U(a, r), R""™), 

then u is twice weakly differentiable and for every affine function P : R™ — > 
R"-™ there holds 

|D'"lp;.,./2 < r(r-2-+WP|^ _ p\^ ^^^ + |/|^^^_^) 
where T is a positive, finite number depending only on n and p. 

Proof. Let e — t ]^ q,p) and suppose F, a, r, u, f, and P satisfy the hy- 
potheses in body of the lemma. 

Let V = u — P , i E {1, . . . , m) and define for < /i < r, a; G U(a, r — h) 

Uh{x) — h^^{u{x + hci) — u{x)), Vfi{x) — h^^{v{x + hci) — v{x)), 
Ah{x) = J^D^F{fDu{x + he,) + (1 - t)T>u{x)) dif 4, 
and let Sh G ^'(U(a, r - /i), R""™) be characterised by 

Sh{e\V{a, r~h))^ h-'Iv^a.r) (^(^ " f"^^) ' ^(^)) * /(^) ^=5^"^ 

whenever 6* G ^(R^jR"^™) with spt6' C U(a, r — h). One readily verifies, 
noting Du/,, = Du^,, 

for 61 G ^(U(a,r - /i),R"-'"). Hence, by [131 

where A == Since < |Dt;|^.^^ and |5^Li,p.^^^_^ < 

l/lp a r' talking the limit h 0+ one infers that v, hence u, is twice weakly dif- 
ferentiable and satisfies the desired estimate, using Simon's absorption lemma 
[Sim97L p. 398] as before. □ 

2.6 Remark. In general, even if Lipu < L < 00 and P ~ the condition 
involving e cannot be replaced by some uniform strong ellipticity condition on 
D'^F{a) for a G Hom(R'", R""™) with ||g || < L as may be seen from the 
example of Lawson and Osserman in L0771 Theorem 7.1]. 

2.7 Lemma. Suppose n G and 1 < q < p < 00. 

Then there exists a positive, finite number e with the following property. 

Ifn>me^,Fis related to e as in \2.1\ LipZJ^F < 00, a G R™, < r < 
00, and Ui G W-'^'''(U(a, r), R""™) with i G {1,2} satisfy Lpiui) = 0, then Ui 
are twice weakly differentiable and for every affine function P : R™ — > R" 
there holds 

-I- (r— - P|i^„jLipp2^^)(r-'"-i|u2 - 
where T is a positive, finite number depending only on n and p. 



> n—m 
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Proof. Using an elementary covering argument, it is enough to prove the asser- 
tion with |D^(u2 - wi)|p:a.r/2 replaced by \'D'^{u2 - ui) |p;a.r/4- ^'^^ ^^^^ purpose 
let K = 21/2^2 

^ = inf{£[2j(»^,9.2p),£[22](n,p)/K,£[2j(n,g,2p)}, Ai = I^^n,2p), 

A2 = ri23](^,p), A3 = r|23](n,2p), r = A2 sup{2i+",«:AiA3}. 

Suppose F, a, r, and Ui satisfy the hypotheses with e and that P : R™ j^"-™ 
is an affine function. In order to show that they satisfy the modified conclusions 
with r, it will be assumed a = and r — 1. Abbreviate A = LipD^F. 
By 12.51 the functions Ui are twice weakly differentiable with 

|D'm4p;0,1/2 ^ ^ll"' ~ ^ll;0,l fo'^ « e 

and one obtains from 12.1 1 for ^™ almost all x G U(0, 1) 

(D2u,(x),Cf(Du,(x))) = for i e {1,2}, 
(d2(m2 - ui){x), CF(Du2ix))) = (d2ui(x), CpCDuiix)) - Cf(Du2(x))) . 
Therefore bv 12.41 [TTI and Holder's inequality 

\r>^{u2 - "l)L,i/4;, < A2(22+™-™/P|„, _ 

+ '«A|D2ui|2p.o,i/2|D(w2 ~ Wl)l2p;0,l/2)- 

To estimate |D(u2 - '"i)|2p.o i/2' o^ie computes for 9 e ^(U(0, 1), R""™) 

-/u(o,i) (■O^(^) J^("2 - d^™a; = 0, 

where = D^F{fDu2{x) + (1 - t)DMi(x)) d^4, 
and obtains from 12.31 

|D(m2 - Ul)l2p;0,l/2 ^ ^3|U2 - Ulli;0,l 

and the conclusion follows. □ 

2.8 Lemma. Suppose m,n £ , m < n, 1 < p < r < oo, and 1 < q < oo. 

Then there exist a positive, finite number e, a positive, finite number Ti 
depending only on m and p, and a positive, finite number T2 depending only on 
m, n, p, and r with the following property. 

If F is related to e as in \2.1l hip D^F < 00, j G {0, 1}, A is a closed subset of 
R"\ u : R™ n {x : dist(a;. A) < 1} ^ R"^'" is j times weakly differentiable, < 
7 < 00, and if for each a£A, 0<g<l there are Va^g G W^'5(U(a, p),R"~™) 
and an affine function Pa^g '. R™ R"~™ such that 

LpiVa.g) = 0, 

then there exists a twice weakly differentiable function v : R™ n {x : dist(a;. A) < 
^} ^ R"-"* with 

e-'"/nD^z;|.,,,, < r2(7(l + Up{D'F)^r + g-"^-'\u - P..2,li;,^2 J 
whenever a £ A, < g < 
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Proof. Assume r > q and define 

£ = {!' I23l("' 9' 2r), £[2j](n, g, 2r), £[23](n, g, r)}. 

Suppose F, j, A, u, 7, Va.g, and P^^g are as in the hypotheses in the body of 
the lemma with e and abbreviate A = Lip D^F. 
By 12.51 and Holder's inequality 

ELo|D''fa,el2r;a,l/2 < 0°' ELo |D''^lp;a,l/2 < 0° 

whenever a G ^. Th erefore t aking limits (for example by use of an interpolation 
inequality simil ar to Mor66l Lemma 6.2.2] and weak compactness properties of 
Sobolev spaces Mor6d Theorem 3.2.4(e)]) the conclusion can be deduced from 
the following assertion: There exist a positive, finite number Ti depending only 
on m and p, and a positive, finite number T2 depending only on m, n, p and r 
such that for every < S < there exists a function v : R™ R"~'" whose 
restriction to R™ fl {a; : dist(a;, ^) < j^} is twice weakly differentiate satisfying 

{gl2)-^'^\D\l.^^^^„ < r2(7(l + A7)^ + {gm-'-^-'ln - PaJ,.,,J 

whenever a ^ A, 6 < g < j^. 

Assume A 7^ 0, let $ = {R™-^} U {V{a,5):a £ A], note = R", 
define /i : R™ R by 

h{x) = ^ sup{inf{l, dist(x, R" -?/)}; ?7 £ $} for x E R", 

and apply |Fed69l . 3.1.13] to obtain a countable subset 5 of R™ and functions 
(fis ■ R™ ^{t:0<i<l}of class 00 corresponding to s G S* such that with 
5^ = S* n {s : B(x, 10/i(x)) n B(s, lOh(s)) ^ 0} for x G R™ and a sequence of 
positive, finite numbers depending only on m there holds 

cards':, < (129)"\ spt (^^ C B(s, 10/i(s)) for s G S", 
l/3<h{x)/h{s) <3 forsG5:r, \D'ip,{x)\ < V,{h{x))-' for s G 5, i G ^, 
^^.(y)= ^ (p,(y) = l, ^i?V.(y)= E = forzG^ 

whenever x G R™, y G B(x, 10h{x)). Note for x G R™, ?/ G B(x, 10h{x)), s e S, 
i G ^ 

\D\s{y)\ < v,{h{y)r < m'v^{iOh{x))-\ 

because h{x) — h{y) < ^\x — y\ < ^h{x). Choose ^ : S ^ A such that 

|^(s) — s\ ~ dist(s, A) whenever s E S. 
Note 20h{x) < sup{dist(a;, ^), for x G R™ and observe 

B(x, 20/i(x)) C B(^(s), 120h{s)), 120/i(s) < 1 
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whenever x G R™, dist{x,A) < jg, s € Sx, because 

|x - s| < 10h{x) + I0h{s) < 40h{x) < 2 sup{dist(a;, A),S} < 1/9, 
\s - C(s)| = dist(s, A) <\x- s\+ dist(a;, A) < 1/6, 
\x - ^(s)| < |a; - s| + |s - ^(s)| < 40/i(s) + 20/i(s) = 60/i(s), 
Ix - + 20/i(a;) < 120/i(s) < 360/i(a;) < 1. 

Define R = \J{Sx : x e R" and dist(a;, A) < 

Vs = Vi(s),i20h{s) and = Pas)A20his) for s G i? 

and, denoting by v'^ the extension of Vg to R'" by 0, t; : R™ j^n-m j^y 

^(a;) = (/3s(a;)Ws(a;) whenever a; G R™. 

Suppose for the rest of the proof x £ R™ with dist(a;,v4) < and observe 
v{y) = ^ (ps{y)vs{y) whenever y G B{x, 10h{x)). 

The asserted weak differentiability is a consequence of 12.51 
One estimates 

\^'(U-Vs)\p.^^^20h{x) < \^'i^-^s)\p,sA20h(s) 

< 7(120/i(s))'"/P+2-^ < {l8)"'/P+^j{20h{x))'^/P+^-' 
for i G {0, j}, s G Sx, hence by Holder's inequality 
(20/.(x))-™|u-t;,|i^,^,0M.) 

for s G 5:, where Ai = a{my-^/P{18)"'/P+^. Also 

(20/i(x))-™|u - P.|i,,,20M.) < aMi-i/''(20/i(a;))-'"/nu - n|,;e(.),i20M.) 

< Ai7(20/i(x)), 

(20/i(a;))-">, - P.|i,,,20M-) ^ 3Ai7(20/i(a;)) (II) 
for s G 5^:. Using 

'^(y) - ""(y) = ^ ips{y){vs{y) - u{y)) whenever y G B(a;, 10/i(x)) 

seSx 

and the Leibnitz formula, one obtains from (|T|) 

ELo(10M^))""/^+1D^(«-«)lp;.aoM.) ^ A27(10Mx))' 

where Aa = a(m)i/P-i8Ai2™/P(l + 20Fi)(129)'". 
In case x G B(a, p) for some a&A, 6<g<j^, 

20h{x) < sup{dist(a;. A), 6} < g, B(x, 20h{x)) C B(a, 2e) 



(I) 
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and Vitali's covering theorem yields a countable subset T of B(a, g) such that 

{B{t, 2h{t)) : t e T} is disjointed, B(a, g) C |J{B(t, I0h{t)) -.teT} 
and one estimates for i e {0,j} 

|D^(---)l^;a., 



<Et,TlD'( 



Therefore one obtains tor a £ A, 6 < g < j^, i {0, j} 

and one may take Fi = 2(10)™/^+^ A2 in the first estimate of the assertion. 

According to 12.51 the functions Vs are twice weakly differentiable and satisfy 
for s € Sx 

where A3 — I^^n,2r). Combining this with (|lT]) yields 

mix))-"^/^'^^+'\n'vs\,^.^^^,,^^ < 2™/(2'-)3AiA37(10M:^^)) (IV) 

for s £ Sx- 

Using [^771 one obtains for s,t £ Sx 

+ A((20;i(:r))-"-i|«,-P,|i^,^20,(,))((20/i(x))-™-i|i;.-«t|i^,_20,(,))) 

where A4 — Ijj^n, 2r). Since 

i20hix))-nvs - Vt\,,x,20H.) ^ 4Ai7(20/j(x))2 

by (HI, one estimates using (|Tl| 

(10M:r))-™/(2'-) \r,'iv, - z;t)l2.;.,ioM.) ^ ^^^(1 + 

where A5 = 2™+^Ai A4 sup |3Ai , 1| . Using an interpolation inequality (which 
may be proven similarly to Mor66l Lemma 6.2.2]), one infers with a positive, 
finite number Ag depending only n and r 

Elo(10M-))-"/^^^'+1D»(-s - -t)l2.;.,10M.) 

< A6((10M:r))-'"/(''-^+^|D2(^,-^;0l2,,.,io.(.) 

+ (10Mx))-">.-t.t|i;.,ioM.)) 

< A6(A5(1 + A7) + 2™+4Ai)7(10/i(x))2. 



IP 
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This implies for s,t Sx 

where A7 = A6(A5 + 2"'+^Ai). Noting {v - Vs){y) = Etes. MvK^t - v,){y) 
for s Cz Sx, y 11(2:, 10/1(0:)), one infers using the Leibnitz formula 

(lQh(x))-"^/^''-^+^T>^{v - i..)l2,;,,io,.(.) < A87(l + Al){lOh{x)r (V) 

for s eSx,ie {0, 1, 2} where Ag = 2(1 + 20^1 + 400y2)A7(129)™. 
Using [^m one defines 

f{y)^{-D'v{y),CF{T)v{y))) 

whenever y S U(z, 10/i(z)) for some 2; e R'" with dist(z, A) < and computes 
for s d Sx 

f{y) = {D^vM. CF{T>v{y)) - C7;^(D«, (y))) + {jy\v - v,){y), CF{T>v{y))) 
for almost all y € U(x, 10h{x)). Holder's inequality implies 

\f\r;x,10h{x} ^ I ^ ~ ) I 2r;a;, lOh(x) I ^^^s 1 2r;2;,10/i(a;) 

+ 2«.a(m)i/(2'-)(i0M:r))™/(2'-)|D2(^; - ^;.) l^.^^^^oM.)- 

hence by (|TV| and (IV| 

(10M2:))-"/n/|,,^,,io,(.)<A97(l + A7)' 

where Ag = kAs sup {2™/(2'-)3AiA3, 2a(m)i/(2'-)}. Similarly but simpler as in 
the deduction of (jllip . one obtains for S < g < j^, a ^ A 

|/|.;a,,<A9(10)"/'■7(l + A7)^^>™/'■ 
and thus, using 12.5] with Aio = 1 |23] (»-, ?') and pil[) . 

:i"-«li;a,e+ l"-^«.ell;a,e) 
< Aii(7(l + A7)' + e-'-'lu - Pa,a\,,,J 



-ni/r 



I/I ) 



where An = Aio(a(m)i-i/P(10)™/P+2A2 + A9(10)™/'' + 1). Therefore one 
may take r2 — 2™/''Aii in the second estimate of the assertion and the proof 
is completed. □ 



2.9 Remar k. In fact, by Caldero n and Zy gmund [CZ6ll . Theorem 10 (ii)] (see 
also |Zie89l Lemma 3.7.2]) or by [Men09al . 3.1] 







for almost all a e A. Now, Resetnyak's result in |Res68| applied to v yields 
that for .jSf™ almost all a e A there exists a polynomial function Qa : R™ 
pj_n-m degree at most 2 such that 

limsup^,-2^^^^^,-™/P+<|D^(^ _ QJI ^ 0. 

Alternately, th is latt er fact could have also been deduced by use of Calderon 
and Zygmund |CZ6ll . Theorem 12] (see also [ZieSOl . Theorem 3.4.2]). 
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2.10 Theorem. Suppose m,n G m < n, 1 < p < oo, and 1 < q < oo. 

Then there exists a positive, finite number e with the following property. 
If F is related to e as in \ 2.1{ IjvpD^F < oo, U is an open subset of TL™" , 
j G {0, 1}, u : U ^ R"~™ is weakly differentiate, 

h(a, r) = 

inf {ELo^""^'"^'|D'(" - v)\p;a,r ■ ^ ^ Wi'«(U(a, r), R"-") and Lf{v) = o} 

whenever U(a, r) C U for some a G R™, < r < oo, and if A denotes the set 
of all a E U such that 

limsup r~^/i(a, r) < oo, 

then A is a Borel set and for ^™ almost all a E A there exists a polynomial 
function Qa '■ R™ — > R"^™ with degree at most 2 such that 

Ji^^r-'EUr-^^^P+^B^u Q,)|^^„,, = 0. 

Proof. In view of 12. 5 1 one may assume q > p. Let e — s^^rn, n,p,p, q). Suppose 
F, U, j, and u satisfy the hypotheses with e. Define the open set V by 

V ^Un{x:J2UQ\^"u\j^,^,r < oo for some < r < dist(a;, R™ - [/)} 

and note A C V. Denote by D the set of all v e Wi'«(U(0, 1),R"^™) such 
that Lp{v) = and define 

W^{VxR.)n {(a, r) : < r < dist(a, R™ - V)} 

and the continuous map T : W -> W1'P(U(0, 1), R""") by 

T{a, r){x) — r^^u{a + rx) whenever (a, r) £ W, x G U(0, 1). 

Since £» 7^ and 

h{a, r) = r inf {ELo|D'(r(a, r) - v)^.^^^ -.v e D} for {a, r) G W, 

h is continuous. Therefore A is a Borel set. Similarly, denoting by D' the set 
of all affine functions mapping R"' into R"-"* one defines a continuous map 
h' -.W ^Rhy 

h'{a,r) ^ rini{\T{a,r) ~ w\^.^^^:w G D'} for (a,r) G W. 

By Resetnyak (ResGSj or |Fed69l 4.5.9 (26) (II) (III)] one notes 

lim sup g~^h' {a, g) < 00 for ^™ almost all a & U. 

Define 

Cfc = l^n{a;:dist(a;,R'"-V) > 1/k}, 
Ak = Cfc n {a:h{a,r) < kr"^ and h'{a,r) < fcr for < r < 1/fc} 

for k £ 3^ and observe that the sets Ak are closed and 

^'^{Ar^{j{Ak:ke ^]) = 0. 

Finally, the conclusion is obtained by applying (for each k G 3^) I2.8l in conjunc- 
tion with 12.91 to rescaled versions of u, Ak and a suitable number 7. □ 
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2.11 Remark. Instead of using Resetnyak [Res68| or |Fed69l . 4.5.9(26) (II) (III)], 
one can also use the functions v occurring in the definition of /i(a, r) in a way 
reminiscent of the famihar harmonic approximation procedure to deduce 

hmsup g~^h'{a, g) < oo whenever a £ A. 

g^0+ 

Therefore u could have been required to be merely j times weakly differentiable. 

2.12 Corollary. Suppose m,n £ m < n, 1 < p < oo, U is an open .subset 
of R", T e 2>{U, R"-") and A denotes the set of all a £ U such that 

limsupr-i-™/f|T|_, .^^ < oo. 

Then A is a Borel set and for ^™ almost all a £ A there exists a unique 
constant distribution Ta G ^'([/, R"^™) such that 

Proof. The conclusion is local and for each a £ A there exists < r < cxd with 
l-^l-ip-ar ^ hence one may assume sptT to be compact, U — R™ and 
i^i-i p-O -R < ^Pf^ ^ U(0, i?) for some < i? < oo. 

For example using [^?^ one obtains functions u G Wj'''(U(0, i?), R"^™) and 
Va,r 6 ^?(U(a,r),R"-™) whenever a G R™, < r < oo and U(a,r) C U(0,i?) 
such that 

-/u(o;j)Du.D6'd^'" = T(6l) for 9 G ^(U(0, i?), R""™), 
u-va,r G W(^'P(U(a,r),R"-"), Lapt;^^,. = 0. 
Bv 12.21 and Poincare's inequality 

for some positive, finite number A depending only on n and p, hence the set A 
agrees with the set "A" defined in 12.101 with q = p, F the Dirichlet integrand 
and j = 1. Therefore, applving [2T0l one may take Ta G ^'(U(0, i?), R""™) 
defined by TaiO) = J e{x) • Lap Qa(a) d^'"a; for e G ^(R",R"~™). 

The uniqueness follows, since every Ta admissible in the conclusion satisfies 

r~"'Ta{eo^ly^oT^a)=Ta{e), r-™T(0o,Xi/,ox_,) ^r,(0) asr^O+. 

whenever 9 G ^(R"' , R"~™) . □ 

2.13 Lemma. Suppose m,n £ ^ , m < n, ^ £ Hom(R™, R"~™), < 
c < M < oo, ||$|| < M , $ is strongly elliptic with ellipticity bound c, a £ R™, 
< r < oo, M G Wo ^(U(a,r),R"-™), T G f^'(U(a, r), R"-™), and 

-/u(a,r)(-D^^(-^)0Du(a;),$) d^'^x = T{9) /or G i^(U(a, r), R""™). 

Then 

W\,,a,r<'^r\T\_,,.^^ 

where T is a positive, finite number depending only on n, c, and M . 
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Proof. See |Men09cl 6.8]. □ 

2.14 Lemma. Suppose m,n ^ 3^ , m, < n, < c < M < oo, 

F : Honi(R", R"-") Ris of class 2, 
\\D'^F{a)\\ < M, {{t,t),D'^F{c7)) > c\t\^ for c7,t e Hom(R™, R"-™), 

a e R", < r < oo, andu,v E Wi'2(U(a, r), R""™) with 

u-ve Wj'2(U(a,r),R"-™). 

Then for every affine function P : R'" R"^™ 

- ^)\2;a,r < C"H^^|D(« " P)ka,r + I W L l,2;a..) 

where Lp is defined as in \2.1\ 

Proof. Compute for 9 e ^(U(a, r), R"-") 

Lpivm = {De{x),DF{-Dv{x)) - DF{DP{x))) d^™x 

= -/u(a,.) iD6{x) D(^; - P){x), A{x)) d^™x 
where A{x) = jlD^F{tT>v{x) + (1 - t)DP{x)) d^h. 
This imphes for 9 e ^(U(a, r), R"-") 

Iu(a,r) iDOix) T>{v - u){x),A{x)) A^^x 

= -.fvia.r) (DO{x) B{u - P){x), A{x)) d^^x - Lf{v){9). 

Letting 6 approximate v ~ u in W^'^(U(a, r), R"^™), one obtains 

2.15 Lemma. Suppose m,n G £^ , m < n, e — 1/2 is related to F as in 
LipD^F < c», a G R™, < r < oo, and u,v e Wi'2(U(a, r), R""™) with 
u - w e Wj'2(U(a, r), R"-"). 



n — m 



Then for every affine function P : R"^ — > R' 



+ Lip(i?2F)(|D(^. - P)\,.^ ^ + \B{v - P)|2^,,J2) 
whereT = I\^n,l/2/,3/2). 

Proof Let A = LipD^F, choose a G Hom(R™,R"-") such that DP{x) = a 
for X G R'", and define T = Lp{v) — Lp{u), the ^™LU(a,r) measurable 
function A : U(a,r) ^ Hom(R™, R""™) by 

A{x) = i:>2F(tDw(a;) + (1 - t)T>u{x)) - D^F{a) d^H 

whenever x G U(a, r), and 5 G ^'(U(a, r), R"-"') by 

^(^) = /u(a,.) (^^(^) - dif™x + T{0) 
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whenever S ^(U(a, r), '"). One computes 
DF{T>v{x)) - DF(Du{x)) 

= {T>{v - u){x), J^DDF{fDv{x) + (1 - i)Dw(x)) d^4) 
for almost all x G U(a, r) and infers 

= -/u(a,.) (^^(^) D(« - u){x), D'Fia)) dif™x 
whenever 6* £ ^(U(a, r), R"-'"), hence bv [2l3l with $ replaced by D'^F{a) 

It remains to estimate |<5'|_j^ j^.^ ^. By use of the definition of S one estimates 

\\A{x)\\ < J^\\D^F{tT>v{x) + (1 - t)Du(a;)) - D^F{ta + (1 - <)(t)|| d^^i 
< A/„^t|D(w - + (1 - t)\B{u - P){x)\ d^H 

= A(|D(i; - P){x)\ + \n{u - P){x)\)/2 

for almost all x £ U(a, r). Finally, 

I^Li,i;a,,. < |7^Li,w + V2/u(a,.)(|D(u - + |D(« - P){x)\f d^-^x. 

□ 

2.16. Whenever m,n € to < n, C/ is an open subset of R'", a E U, and T G 
^'([/,R"-™) there exists at most one constant distribution Ta G ^'(C/,R""™) 
such that 

^hm r-'"-i|r-rj_,_,^^_, = o, 

see the last paragraph of the proof of 12.121 

2.17 Lemma. Suppose m,nE , to < n. 

Then there exists a positive, finite number e with the following property. 

If F is related to e as in \2.1l LipI?^_F < oo, U is an open subset o/R™, 
u : U ^ R""™ is weakly differentiable, Ai denotes the set of all a G U such 
that 

limsupr~™"^|LF(u)|_i ^.^ ^ < oo, 

A2 denotes the set of all a £ U such that there exists a (unique, see \2.1d\) 
constant distribution Ta G i^'(?7, R"^™) such that 

\im r-"^-'\LF{u)-TaU,.^^,, = 0, 

Bi denotes the set of all b G dmn Du such that 

limsupr-"-7 .\T>u{x) ~ Du(fe)pd^™a; < 00, 

and B2 denotes the set of all b G dmnDu such that 

^hnYr-™-i/u(, ,.)|Dzi(a;) -D,.(6)|2d^™a; = 0, 

then the following two statements hold: 
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(1) For Jif"^ almost all a £ Ai H Bi there exists a polynomial function Qa '■ 
R™ jin-m, degree at most 2 such that 

lim r-2-™|u-gj,^,^, = 0. 

r— >^0+ ' 

(2) If a G A2 n B2 satisfies the conclusion of (H)) with Qa then 

Ta{0) = Jij0{x) . {D^Qa{a),CF{DQa{a))) d^™x 
for 9 £ S!{U, R""™) where Cp is defined as in \2.1\ 
Proof. Let 

e = inf{l/2, £[^(m, n, 1, 2),s^n, 2, 2)}. 

Suppose F and u satisfy the hypotheses with e. Abbreviate A = LipD^i^ and 
T = Lf{u). Fix a £ Ai f] Bi and < i? < cx) such that B(a, i?) C ?7 and 
u\\J{a,R) £ Wi'2(U(a,i?),R"-"). 

To prove part ([1]), the criterion 12 . 1 01 wiU be verified with q = 2, j = 0. Using 
the direct method of the calculus of variation, see e.g. [CxiuO,! Theorems 4.5, 6, 
Remark 4.1], one constructs for < r < i? functions Vr £ W-^'^(U(a, r), R"""*) 
such that 

Vr-u£ Wj'^(U(a, r), R"-™), LfK) = 0. 
By 12.151 one estimates 

< Air-^dTLi + K{\T>{u - T»u{a))\^.^^^^ + |DK - T>u{a))\^.^^^^f). 
with Ai = I j^j^ n). By nil with c = 1/2, = 2 one infers 
|D(«,-M)|2.,,^<4|D(u-Du(a))|2.,,,, 

hence 

r-i-">. - < Air-"(|rL,_,^^_, + A(6|D(^. - T>u{a)%.^^^^f) . 

Since a £ Aif] Bi, this implies 

limsupr~^~'"|i;r — u\^.^ ^ < 00. 

Therefore part ^ follows from 12.101 

To prove part assume now additionally that the assumptions of ^ are 
valid for a, i.e. a £ A2 H B2 and Qa satisfies the conclusion of (H]). Choose 
y £ R"-" such that 

Ta{e) = J^e{x) •yd^"'x for 9 £ &{U, R""™). 

Using the direct method of the calculus of variation as before, one constructs 
for < r < i? functions Wr £ W^^^(U(a, r), R""™) such that 



w^-MG Wj'^(U(a,r),R" 



LF{wr){9) = /u(a,^)^(2;) • V A^"" X whenever 9 £ ^(U(a 



,r),R" 
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By 12. 151 one estimates 

+ A(|D(,. - r>u{a))\,.^^^, + |DK - D7x(a))|2^, 
Since, by Poincare's inequality, 

where A2 is a positive, finite number depending only on n, one infers from 12.1"^ 
|DK - ^^)\2:a,r < 4|D(« - Du(a))|2^,^, + 2A2|2/|ri+™/2, 

hence 

< Air-™(|r - T,\_,^,.^,^, + A{6\D{u Bu{a})\,.^^^.^ + 2A,\y\r'+"^^'f). 
Since a A2 r\ B2, this implies 

lim r"^~™|wr - mL„ ^ = 0. 

Therefore by the assumption on Qa 

lim r-2-"|uv-Qa|i.,., = 0. 

In order to estimate derivatives of Wr — Qa, define P : R'" R"^™ by 
P{x) = Qaia) + {x~a, DQa{a)) for x G R", R ^ Qa ~ P , S : IV^ R""™ 
by 5(2:) = ^(JyX^x), D^Qa{a)^ for x G R™ and note r^^i? o Ta o /j,^ = S and 

r-2(i„^ _ p) o o AtJU(0, 1) ^ 5|U(0, 1) in Li(U(0, 1),R"-™) 

as r ^ 0+. Bvl^ 

r-™/2|D2K - P)ka..r/2 < A3(r-^-™k. - P\,,a..r + IvD 

where A3 — supjl, Q:(m)^/^}I |^3] (n, 2), hence 

limsupr-™/2|j)2(^^ „p)|_^^ ^ 

By Rellich's embedding theorem 

r-^{wr -P)oTaO /x,|U(0, 1/2) ^ 5|U(0, 1/2) in Wi^2(u(o, 1/2), R"""), 
r-^{wr ~ Qa) o Ta o /x,|U(0, 1/2) ^ in Wi'2(U(0, 1/2), R"-") 

as r 0+. This convergence implies 

k"""7u(a,r/2)( P^) ° Ml/r ° ^-a(a;), i?i^(Dzi;, (x) ) - D F {DQ a{x))) dj^"' x\ 

< r-'"/2-i(LipZ?F)p0|2.o JDK - Qa)\2;a.r ^0 as r 0+ 
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for 9 e ^(U(0,1/2),R"-"). Therefore, noting 

/u(04/2)f^(^) • y d-^™^ = ^""7u(a../2) ° Ml/r ° » 2/ d^™^ 

for 6 e ^(U(0, 1/2), R"-™) and 

- '^"""7u(a,./2)( ° Ml/r ° T^a{x),DF{DQa{x)) ) dif":E 

/u(o,i/2)^(^) • (D^Qaia). CF{DQa{a))) A^^x as r ^ 0+, 
for 61 e ^(U(0, 1/2), R"-"), one infers 

y = {D'Qa{a),CF{DQ^{a))) , 
as asserted. □ 

2.18 Remark. Clearly, by Resetnyak [Res68| or [Fed69l 4.5.9(26) (II) (III)] for 
almost all a& AiHBi 

Qa{a) w(a), DQa{a) = 'Du{a). 

Also by Calderon and Zygmund |CZ61 . Theorem 9] (see also Zie89l 3.6-8]), 
there exists a sequence of functions Ui : R™ ^n-m q£ class 2 such that 

(^Ai n Bi - Q {a : D^u,{a) = D^Qa{a) for k e {0, 1, 2}} j = 0. 

2.19 Remark. In El it will be shown if™(yli -Aa) = 0. 

2.20 Lemma. Suppose H is a Hilbert space with dimH = N < oo, k,l G 
^ U {0}, I > k, ^ : H ^ R is of class I, a e H , < S < oo, and 

s = sup{||D'=$(x) - D''^a)\\ -.x G B(a,5)}. 

Then there exists F : H R of class I such that 

D'F{x) = D'^{x) for x G B(a, 5/2), i^O,...,k, 
\\D''F{x) - D''<i>{a)\\ <rs forxeH, 
F\H ^ B(a, 6) is the restriction of a polynomial function of degree at most k 

where T is a positive, finite number depending only on N and k. 

Proof Choosing ip G <#'"(R) with < (^(t) < 1 for i G R and 

{t : -oo < t < 1/2} C Int{i : ip{t) = 1}, {t:l <t <oo} C lnt{t : ip{t) = 0} 

one defines P : H ^ R, F : H ^ H by 

P{x) = Y.U{{x-ar/i\,D^'^{a)), 
F{x) = P{x) + ip{\x - a|/(5)($(a;) - P{x)) 

for X ^ H and readily estimates \\D''F{x) — £''''<I>(a)|| be means of Taylor's 
formula (cf. [Fed69 . 3.1.11]). □ 
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3 An approximate second order structure for 
certain integral varifolds 

In this Section [3. 61 which is Thcorcm[l]of the Introduction is proven. In order to 
do this a general lemma is established which states that the part of the varifold 
exhibiting a certain decay of its tilt-excess can be covered with some accuracy by 
suitable rotated graphs of Lipschitzian function having similar decay properties 
of their "tilt-excess" . This is don e by care fully combining the approximation by 
QofR"- ") valued functions of jMenOQcl . 4.8] with more basic differentiability 
results in Men09al | . The "tilt-excess" decay of the Lipschitzian functions is the 
nonintegral differentiability condition used in Section [2] to compensate for the 
use of the weak norm \-\_i j.^j ^ in the estimates which seems to be inavoidable, 
seelSH 

3.1 Lemma. Suppose n,Q & ^ , < L < oo, 1 < M < oo, < Si < I for 
i e {1,2,3}, andO < S4 < 1/4. 

Then there exists a positive, finite number e with the following property. 

If m e ^ , m < n, < s < 00, S ^ imp* , 

U = (R™ X R"-") n {{x, y) : dist((a;, y), €{3, 0, s, s)) < 2s}, 

V G TVmiU), \\SV\\ is a Radon measure, 

{Q -1 + Si)a{m)s"' < ||F||(C(5, 0, s, s)) < (Q + 1 - 52)a(TO)s'", 
||y||(C(S', 0,s,s + 6is) - C{S, 0, s, s - 26is)) < (1 - (53)a(m)s'", 
\\V\\iU) < Ma{m)s"', 

<S <e, B denotes the set of all z £ C{S,0,s,s) with @*"W\V\\,z) > such 
that 

either \\SV\\B{z,t) > S \\V\\(B{z,t))^-'^/"' for some < t < 2s, 
/B(.,t)xG(„,™)l^^-^h|dn^'^) > '511^11 for someQ<t<2s, 

A = C(5, 0, s, s) - B, A{x) ^ Ar\{z: p(z) = x} for x G R™, Xi is the set of 
all X e R™ n B(0, s) such that 

E.eA(.)0"(nU) = Q &"\\\V\\,z) e^U{0} for z€A{x), 

X2 is the set of all x G R™ fl B(0, s) such that 

E.eAi.)®'"i\\Vl^)<Q-i <^nd 0'"(||y||,z)G^U{O}/orzGA(x), 

TV = R" n B(0, s) r^{Xi U X2), and f : Xi ^ Qq(R"~") is characterised by 
the requirement 

0™(||y||,z) = 0°(||/(a;)|l,q(z)) whenever x e Xi and z £ A{x), 
then the following seven statements hold: 

(1) Xi and X2 are universally measurable, and ^""^{N) — 0. 

(2) A and B are Borel sets and 

q[^nspt||y||] C B(0,s-,54s). 
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(3) p[An{z:@^{\\Vlz) = Q}]cX^. 

(4) The function f is Lipschitzian with Lip / < L. 

(5) For almost all x G Xi the following is true: 

(a) The function f is approximately strongly affinely approximable at x. 

(b) If {x, y) e graphg / then 

Tan"(||F||,(a:,y)) = Tan(graphQapA/(x),(x,j/)) e G(n,m). 

(6) IfaeA, &"W\V\\,a) ^ Q, <t < s ~ \p{a)\, |q(a)| +(54^ < s, and 

Ba,t = C{S,a,t,S4t)nB, 
Ca,t = B{p{a),t)^{Xi^p[Ba.t]), 
Da,t ^ CiS, a,t, Sit) np-' [Ca,t], 
then Ba^t *s a Borel set, Ca,t o-nd Da^t o-i^e universally measurable and 

^'^{Ca,t) + \\V\\{Da,t) < r@ \\V\\{Ba,t) 

With Tje} - 3 + 2Q + (12Q + 6)5™. 

(7) If a, t, Ca.t, Da.t are as zn ®, 5 : R™ ^ R"-", Lipg < 00, g\Xi = 
VQ°f,Te Hom(R'",R"-™), e e ^(R™,R"-™), 77 G ^0(R"-™), 

spte C U(p(a),t), < Tj{y) < 1 for ye R""™, 
spt 77 C U(q(a), <54i), B{q{a), Sit/2) C Int(R"-'" n {y : viv) = 1}), 

and denotes the nonparametric integrand associated to the area inte- 
grand ^! , then 

\Qj{D0{x),D'fl{Dg{x)))d^"'x~{SV){{'noq) ■ {q* o 6 o p))\ 
< 7iQmi/2 Lip gj^^ ^ \jj0\ 

+ m'/'J^jDii7^oq).ici*o0op))\d\\V\\ 

where 

71 = sup p2vi/§||[B(0, ml/2 Lipg)], 
72= Lip {DHl\BiO,m'/'{L + 2\\T\\))), 
Ea,t = B(p(a),0 nXi n {x: ©"(||/(a;)||,5(x)) ^ Q}. 

Proo/. T his follow s from [Men09d . 4.8,10]; in fact the st atements (U)-® are 
those in |Men09d . 4.8] with r, h,T replaced by s, s, S and |Men09d . 4.10] shows 
that the additional conditions a d A and ©™(]]y, \\,a) = Q in (HI) ([71) can be 
arranged to imply 

graphg /lB(p(a),<) C C{S,a,t,S4t/2), 
\\V\\{C{S,a,t,Sit)) > {Q-1/A)a{m)t"', 

hence ^ ([7]) are consequences of [MenQ9d, 4.8(6) (7) (9)]. □ 



24 



3.2. The following situation will be studied: m,n G m < n, 1 < p < oo, U 
is an open subset of R", V G Vm(f/), ||^^^|| is a Radon measure and, if p > 1, 

{SV){g) = -Jg{z)»h{V;z)d\\V\\{z) whenever g e ^(f/,R"), 
ii{V; ■) e Lp(||F|| L-ftT, R") whenever if is a compact subset of U. 

If p < oo then the measure ^ is defined by 

ij^Wsvw ifp = i, yj^\h{v--)\n\v\\ ifp>i. 

3.3 Lemma. Suppose m,n G m < n, 1 < p < m, I < q < oo, < a < 1, 
aq{m — p) < mp, < L < oo, V G IVm(J7), ip is related to p and V as in \3.S[ 
and P is the set of all a gU such that Tan^djl/H, a) G G(n, m) and 

hmsup.— |5^_Tan™(||T/||,a)^|«dT/(^,5))^/'<«. 

s-»0+ ^ ' ' ' 

Then there exists a countable, disjointed family H o/||y|| measurable subsets 
of P such that ||V^||(-P~U^) = and for each Z G H there exists a nonempty 
open subset O of 0*{n,m) such that for each tti G O there exist 

5 : R" ^ R"-™, G : R" ^ R", K c R™, Q G ^, 
7r2 G 0*(n,n-m), T G ^'(R™, R""") 

with the following six properties: 

(1) TT2 o ttI ^ Q, G = Til + ttI o g, and G[K] = Z. 

(2) Lip5<L. 

(3) K is an measurable subset of dirniDg. 

(4) J {D0{x), D'^liDgix))) d^"^x = T{d) for 9 G ^(R™,R"-™) where ^' 
denotes the area integrand. 

(5) Whenever x G K there holds with z = G{x) and R = Tan"'([|V^||, z) 

0™(||T/||,z) = g, iinDG{x)=R, 
limsup5-^-"/'-(/3. jDgiO ~ Dg{xW d^™C)'^'' 

whenever 0</3<l, l<r<oo and Pr < aq. 

(6) Whenever x G K there holds 

hm s-"-i|T-r,|_,,.^^ =0 

where G ^'(R'",R""™) is defined by 

T.{0) = -S^l{Dg{x))h{V- G{x)) . (tt^ o 6){0 d^™C 
whenever 9 G ^(R™, R""™). 
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Proof. First, observe that if some \\V\\ measurable set Z has the properties 
hsted in the conclusion so does every ||F|| measurable subset of Z. Therefore, 
in order to prove the assertion, it is enough to show that for ||F|| almost all 
a € P there exists a ||F|| measurable set Z having the stated properties and 
additionally satisfies 0*'"(||y || l Z, a) > 0; in fact one can then take a maximal, 
disjointed family H of such Z (hence HFIKZ) > 0) and note H is co untable and 
0"(ll^lkU^>«) = for -^"^ almost all a e U r^[j H hy [Fed69L 2.10.19(4)] 
so that ||1^|| (f* ~ U ^) > would contradict the maximality of H. 

Define P' to be the set of all z G U such that Tan™(||F||, z) £ G(n, m) and 

By Brakke |Bra78l 5.7,5] or |Men09d . 8.6] there holds \\V\\{U P') = 0. There- 
fore one may assume aq > 1 possibly replacing a, q by 1/2, 2 if < 1. Assume 
further L < 1/8 and suppose Q e The remaining assertion will be shown to 
hold for \\V\\ almost all a £ P with &"W\V\\,a) = Q. For this purpose define 

61^62 = 63^ 1/2, ^4 - 1/4, M = 5'"g, 
£ = i^^f {'^^^'n'^Q^L,M, 61,62,63,64), (27(to))~i}, 

and R : J7 n {z : Tan™(||F||, z) e G{n,m)} Hom(R",R") by 

R{z) = Tan^dlFll,^)^ whenever zeU with Tan"(||F||, z) G G(n,m). 

For i e ^ let Ci denote the set of all z G spt [j V"l| such that cither B(z, 1/i) U 
or 

\\6V\\B{z,t) > (2e/3) \\V\\{B{z,t))^~^/'"' for some < t < l/i, 

let Di{w) for w G dmni? denote the set of all z G C/ such that either B(z, l/i) (f_ 
U or 

Jj,(^,,t)\R{0-RH\''d\\VU> {e/3)'^\\V\\B{z,t) for some < i < l/i 

and define for i G by 

X, = Un{z: 0"'/("-P)(||F|| L C„ z) = 0} if p < m, 
= t/ ^ Clos Ci ii p — m, 

as well as Yi for i G by 

= (dmni?)n{w:0"'+"«(||l^||LA(w),H =0}. 

Since C^+i C Ci and Di+i(w) C Di{w) for u; G dmni?, one notes Xi C ^i+i 
and Yj C F^+i for i G are Borel s ets. Yj ar e \\V\\ measurable sets by 



MenOQal . 3.7 (ii)]. P is \\V\\ measurable by [MenOQal . 3.7]. Moreover, 

\\V\\{U^{}{X,:i& ^}) =0, \\V\\{Pr.[j{Y,:i(^ ^}) = 
by |Men09aL 2.5, 9, 10, 3.7 (ii)]. 
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Define a measure /i on U such that /i + |h(F; — \\6V\\ and J — 

P n {z: 0'"(||F||, z) = Q}. The remaining assertion wiU be shown at a point a 
such that for some i G 3^ 

a G n n (dmni?), B{a, i/i) d U, 
@"\\\V\\,a) - Q, 0"(||F|| L [/ ~( J n X, n Y,),a) = 0, 
i? is approximately continuous at a with respect to 



Thes e cond itions are satisfied by \\V\\ almost all a G J by the preceding remarks 
and |Fed69l . 2.9.11,13]. Fix such a and i, choose < k < 1/2 such that (1 + 
< g + 1/2, and define A = (1 + k^)-^/"^ and S = (1 - A)/2. Noting for 
5 G G(n,m) with IS*!, — R{a)\ < S and < s < co 

R" n{z:|5^(z-a)| < A|z-a|} C R" n {z : |i?(a)(z - a)| < {X + S)\z~a\}, 
C(5, a, s) n {z : — a)| > A|z — a|} C 0(5*, a, s, us) C B(a, (1 + k)s), 
< A + ^ < 1, 0™(||F||l{z: |i?(a)(z -a)| < (A + (5)|z - a|}, a) = 

by [Fed69l . 3.2.16], one infers the existence of < s < (2i) ^ such that 

(Q - l/2)a(m)s™ < ||y || (C(5, a, s, s)) < (g + l/2)a(m)s™, 
||F||(C(5,a,s,5s/4)~C(5,a,s,.s/2)) < (l/2)a(m)s™, 
||V^||(R"n{z:dist(z,C(S', a, s,s)) < 2s}) < || V^|| B(a, 4s) < Ma(m)s'", 

whenever S G G(n,m) with \Sif — R{cl)\ < S. 

Define A to be the set of all z G U(a, s) n spt ||T^|| such that 

||5y||B(z,i)<(2£/3)||y||(B(z,t))i-V™, 
/B(.,t)l^(0 - ^(«)l mU < (2£/3)||^|| B(z,t) 

whenever < t < 2s, 

O = 0*(n,TO) n {tt: Itt* OTT - i?(a)| < inf {(5, e/3}}, 
W = U(a,s) nX, nFi n {w: |i?H -i?(a)| <e/3}, Z = VFnAnJ-iV 

where is the set of all w G such that one of the following three conditions 
is violated 

weP', e"'{^^,w)=0, \n-n^t-"^J^^^^^^\h{V;O~h{V;w)\d\\VU = 0. 

Note \\V\\{N) = by |Fed69l . 2.9.10,11]. 

Now, fix TTi G O, <S = imTrJ' and choose 7r2 G 0*(n, n — m) with 7r2 o vrj = 0. 
The proof will be concluded by showing 0™(||V^|| l Z, a) ~ Q and constructing 
g, G, K and T with the asserted properties. For this purpose assume = and 
TTi = p and 7r2 = q using isometrics and identifying R" ~ R™ x R"^'". Define 

u{w) ~ {s — \w — a|)/2 for w G 

and note u{w) > 0. Moreover, define B, f as in 13.11 with S replaced by e 
and whenever w € W and < t < define B^.t, Cu!,t and D^^t as in 
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I3.1l (p|) ([7]) with additionally a, s replaced by w, t. Since — R{a)\ < e/3 and 
Z C An{z: 0"(||F||, z) = Q}, one infers from ED® that Z C graphg / and 

0°(II/(pW)II, qW) = Q, (p* + q* ° o /)(p(z)) = z 

whenever z € Z. Using Kirszbraun's theorem (cf. |Fed69l . 2.10.43]) one extends 
Vq o / to a function g : R™ — > R"~™ such that 

Lip 5 ^ Up{r]Q o /) 

and defining G = p* +q* og, K = p[Z] and T e ^'(R™, R""™) by 

T{e) = J{De{x),D^liDg{x)))d^"'x for 6 e ^(R'",R"~™), 

the properties ([T]), ([2) and (|3]) are evident noting [23] (HI)- 
Next, it will be shown 

B^^t C U(a, s) n (spt IIV^II) - A C C, U A(w^) 

whenever w € W , < t < u{w). The first inclusion is readily verified noting 
\Sif -R{a)\ < e/3. If z e U(a,s) n (spt ||F||) - A, then 

either ||(5F|| B(z, i) > (2e/3) ||F|| (B(z, t))^-^/"' for some < i < 2s, 
or J^^^^^\R{^) - R{a)\d\\V\\^> {2e/3)\\V\\B{z,t) for some < i < 2s. 

In the first case, this implies z G C^, in the second case, 
(2£/3) \\V\\ B(z,<) < /B(,^,)|i?(0 - Ria)\d\\VU 

< /B(.,t)l^(0 - ^Hl dnie + \R{a) - R{w)\ \\V\\ B(z, i), 
(e/3) ll^ll B(z, t) < /B(,,,)|i?(0 - i?(^«)l d\\VU 

<||T/||(B(z,t))i-V^(/3(^,,)|i?(0-i?(u;)rd||F||0'/', 

hence z G Di[w), and the second inclusion and hence the claim are proven. The 
inclusions imply the density estimate 

0™+"'^(||y||LB,i«) = ©™+"''(||T/||l(C/-A),w) =0 whenever w; G W. 

Noting a <eW and ©™(||F|| l U ^{W n J), a) = 0, one infers in particular 

&'\\\V\\^U^Z,a)^0, ©"(||F||LZ,a) =Q 

and it remains to verify that g, G, K, and T satisfy © and 

In preparation to this, the following tilt estimate will be shown with Ai = 

(1 + L2)1/2(1_2.2)-1/2^1/2 

<MIais..,tMt)\RiO-r,rd\\VUf' 

whenever 1 < r < oo, z e Z , < t < u(z), t G Hom(R™, R"""*) with ||r|l < L 
(here the identification r C R™ xR"~™ ~ R" is used); in fact, recalling L < 1/8 
and z G graphg /, one notes 

graphg /|B(p(z), t) C C{S, z, t, S^t) C C(5, a, s, s), 
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hence for < 7 < oo 

B(p(2), i)) n {x : g-i/^l ap (+)(-r)| > 7} 

is almost contained in 

p [C(5, z, i, <54<) n U : Ai - I > 7}] 

byOO © and AUard [A1171 8.9(5)]. For x & K, taking z ^ G{x) and r 
associated to imi?(z), one infers, noting 0™+"« (.if™ l R" - dmn /, x) = by 
the density estimate for B and l3.1l ([S)) and Ai < 2m^/^, 

^p~m/T(f \r)n(r\ ^ t\-' A ^■^r^/'' 



hmsupi-^-™/^(/3 |i?5(C) - rr d^™C) 

• ■ I./r^, f^\-^\^) - "^11 " II?, 



< 2mi/2linisupt-^-"/'^(/3. ,Ji?(0 - R{z)Y- d\\V\\^)' 



whenever x^K,Q<(3<l, \ <r< 00, and /3r < aq, hence in particular, 
tak ing (3 = a inf {1, g/r} and noting that the right hand side in this case is finite 
by [Fed69l . 2.4.17] as z e P, 

}% {ki.,t)\Dg{0 - rr dif-C)'^'^ = for 1 < r < 00 

and g is differentiable at x with Dg{x) = t by the argument in EG921 Theorem 
6.2.1]. Since .Z C im G, X is measurable, hence ^ and ([5]) are now proven 
and it remains to prove ©. 

Choose ry G ^0(R"-™) such that 

< ri{y) < 1 for y G R""™, 
spt 77 C U(0, 1/4), B(0, 1/8) C Int(R"-™ n {y : rj{y) = 1}) 

and define for x G if as in ([6]). Fix x G /-C, let z = G(x), note p(z) = x and 
abbreviate 

whenever < t < u{z) and 61 G ^(R'",R"^™). The remaining estimate will 
carried out by showing that 

QT,{et)-iSV){{7jtoq)-{q*o9top)), 

(SVKiTjt o q) ■ (q* o o p)) - Qj{D0tiO,D^liDgiC))) dif"C 

both tend to as i ^ 0+ uniformly with respect to 6* G ^(R'",R""") such 
that spte C U(0,1) and \D9\^.„ ^ < 1. 

To prove the first estimate, one notes that the conditions ©'""VjlJV'jl , z) = 
0, '"(||y||,z ) = Q and z G P imply, for example using AUard |A1172| . 6.4,5] 
and [Men09bl . 2.1], 

i-"/0r '(^ - iniP(O) d\\VU ^ im i?(z)) d.^^^^ 

as i — > 0+ whenever ip G J^(R" x G{n, m)). Since also, noting 

iVt o q) • (q* o 6*4 o p) = t""((r/ o q) • (q* o 6* o p)) o /x^/j o t_^, 
C(T, 0, 1) n Tan™(llFll, z) C C(T, 0, 1, 1/8) 
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as L < 1/8 and z G graphg /, one readily uses the conditions on SV and h.{V; •) 
imposed by the fact z ^ N to infer 

^Um (<5t/)((?7toq).(q*o0top)) 

= -Q/imfl(.)h(^; ^) • o q)(0(q* ° o o p)(e) d^™^ 

= -Qj^l{Dg{x))h{V; z) . (q* o 0)(C) dif"C = 

and the convergence is uniform with respect to 6* G ^(R^jR""™) such that 
spt^? C U(0, 1) and ^ < 1 as this family of functions is compact with 

respect to | • \^.^^^ by |Fed69l ' 2.10.21] and 0""(||(5V^||, z) < oo. 
To prove the second estimate, define 

71 =supp2^§||[B(0,mi/2L)], 72 =Lip(i?2^§|B(0,3mi/2L)). 
Apply [SHI with r = -05(2:) and < i < u{z) to obtain 

\Q!{Det{x),D^l{Dg{x))) dJ^^^x ~ {5V){{rit o q) • (q* o o p))| 

+ ^2^,, . J^^*(C) 1 1 ap A/(C) (+) {-Dg{x))\' dif "C 
+ ml/2|^^ Ji5((^, o q) . (q* o Ot o p))| d||F||. 

The first and the third summand on the right hand side may be estimated by 
use of I3.1I ((5)) as follows 

J^jDiiTjtoci).iq*oetop))\d\\V\\ 

< t-"^-\l + P»7L;0,i)ll^ll(^^.*) < A2t-™-i(l + pr?L,o,i)ll^ll(S^.*) 

where A2 = r|33]|6l('5' ™)' hence the density estimate for B applies recalling 
aq > 1. To estimate the remaining summand, one computes 

uses the tilt estimate and recalls z G P' . □ 

3.4 Remark. It would significantly simplify the treatment in l2.13ff27T7l if one 
could obtain an estimate in |-|_]^ ^.^ ^ in ^ for some r > 1. However, in this 
case it seems to be unclear how to control the integral over D^^t in the last 
paragraph as this se t may contain arbitrarily steep parts of the varifold, see 
Brakke's example in [BraTSL 6.1]. 

3.5. If / : R™ R"^™ is a linear map, v G R" is orthogonal to im(p* +q* o/) 
then V G ker(p* + q* o /)*, p(ti) = — (/* o q){v) and 

(q* -p* °/*)(q(?^)) ^v- 
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3.6 Theorem. Suppose m,n G m < n, U is an open subset o/R", V G 
IV„i(J7) and \\SV\\ is a Radon measure. 

Then there exists a countable collection C of m dimensional submanifolds of 
R" of class 2 such that \\V\\{U ^[JC) = and each member M of C satisfies 

h{V; z) = h(M; z) for \\V\\ almost all z e U n M. 

Proof First, note that for \\V\\ almost all z e U there holds Tan"(||F||, z) S 
G(n, m) and 



hm r-V2-W2(r _Tan"(||T/|U),pdF(e,5)) 



1/2 



by Brakke [BraTSl 5.7,5] or |Men09d . 8.6]. Let ^ denote the area integrand, 
abbreviate 4> = and note D'^^{0) = T with T as inHmby jFed69l . 5.1.9]. 
Define e = fc |2.17| (™; it-), ^ — I j2.20| (^("- ^ s = e/A and choose < 6 < 

00 such that 

\\D^'S?{a) D^<1>{0)\\ < s whenever a € Hom(R", R""™) n B(0, 5). 

Applying [2201 with H, k, I, a replaced by Hom(R'", R""™), 2, 3, 0, one obtains 
F : Hom(R", R"""') ^ R of class 3 such that 

D'F{a) = D'^a) for i = {0, 1, 2}, a e Honi(R™, R"-") n B(0, d/2), 
\\D'^F{a) - £'^$(0)11 < As = £ whenever a G Honi(R™, R""™), 
D^F has compact support, 

hence LipD^i^ < cxd. Define L = and apply [?751 with p, q, a replaced 

by 1, 2, 1/2 to obtain P and H with the properties listed there. Fix Z G H 
and take tti G O and 7r2, g, G, K as in [221 to infer from I^TTl I^IE and . 
noting [331 © with (3 — 1/2 and r = 2, the existence a sequence of functions 
u, : R™ R"-™ of class 2 such that with Ai = K n {x:g{x) = Ui{x)} for 

1 G ^ 

{D^u,{x),Cf{Du,{x))) = 'l>{Du,{x))Tr2{h{V;G{x))) 
for almost all x € Ai. Defining Mi = im(7rij' + o Ui) and noting 

{D''u,{x),C^{Du,{x))) - 1'{Du,{x))^2{HM^■, (tti* + vr* o u^i){x))) 
for a; G R™ where C$ is as in 12.11 and 

C^{a) = Ci.((T) for CT G Hom(R™, R"-'") n B(0, 5/2), 
\Du,{x)\ = \Dg{x)\ < Lm^/'^ = 6/2 for if" almost all x e A, 

bv l3.3l ([^. one concludes 

7r2(h(V^; G(a;))) = 7r2(h(A/,; G{x))) for almost ah x G 
hence b y 13.51 since h{V;z) G Nor™(]|y||, z) for \\V\\ almost all z by Brakke 



Bra78L 5.8], 

h{V; G{x)) = h(M,; G{x)) for almost all x G A,. 
Finally, recall ||y||(C/-P) = 0. □ 
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3.7 Remark. One could also prove Brakke Bra78l 5.8] instead of using it. Since 



the proof then still yields a collection C with all properties except of the last 
one, one can define a \\V\\ measurable function h such that for \\V\\ almost all 
z £ U there holds h{z) — h(M; z) whenever z € U (1 M and M £ C. Following 
the above proof, one obtains 

TT2{h{V; Gix))) ^ TT2(h(G{x))) for ^™ almost all x £ A, 

whenever tti £ O, tt2 £ 0*{n, n — m) with tt2 o tt^ = 0, and, as O is open, this 
suffices to conclude 

h{V;Gix)) = h{Gix)) £ Nor'"(|iy||, G'(a;)) for almost all x £ Ai. 

4 Applications to decay rates of tilt-excess for 
integral varifolds 

The present section discusses some consequences of 13.61 in terms of decay and 
differentiability of tilt quantities. 

4.1 Lemma. Suppose m,n,Q £ , m < n, either p = m = lor\<p<m, = 2 
orl<p<m>2 and = 2, < 6 < I, and l< M < oo. 

Then there exist positive, finite numbers e and T with the following property. 
If a £ R", < r < oo, V £ IVm(U(a, 6r)), ip and p are related to V as in 
T £ G{n,m), Z is a \\V\\ measurable subset of C{T,a,r,5r), 



(Q- l/2)a(m)r" < ||y || (C(T, a, r, 3r)) < {Q + l/2)a{m)r"\ 
\\V\\(C{T,a,r,Ar)^C{T,a,r,r)) < (l/2)a(TO)r™, 
||y II U(a, 6r) < A/a(m)r", \\V\\ (C(r, a, r/2, r/2)) > (Q - l/4)a(m)(r/2)", 

||y II (C(r, a, r, 3r) ^ Z) < ea(m)r™, (/ 15^ - p dV{z, S)) < er^l\ 
then 

+ r(r-'"-7^ dist(z - a, T) d\\V\\z + ri-"/PV(U(a, 6r))i/P). 
Proof. See jMenOQcL 7.5]. □ 



4.2 Theorem. Suppose m, n, p, U , and V are as in \3.'A V £ TVra{U) and 

0(a,r,T) = (r-™/„(^^^),^(„_„^|5,-r,pdn^,5))^/^ 

whenever a £ R", < r < oo, U(a, r) C U , and T £ Gin, m). 
Then the following two statements hold: 

(1) If either m = 2 and < t < 1 or sup{2,p} < m and r — 2(m-p) 1 
lim r^'^ (j){a,r,T) = for V almost all (a,T) £U x G(n, m). 

r— >0+ 
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(2) If either m — 1 or m — 2 and p > 1 or m > 2 and mp > 2{m — p) then 
lim sup r^^0(a, r, r) < oo for V almost all {a,T) gU x G{n,m). 

Proof of HI). From one obtains a sequence of maps Ri : U ^ Hom(R",R") 
of class 1 such that the sets A; = U D U-Ri(z ) = Tan"(||l/||, z) J cover \\V\\ 
almost all of U. By [Men09d . 8.6] and |Men09al . 3.7 (i)] one infers 

for \\V\\ almost all z G Ai and the conclusion follows. □ 

Proof of ^ . Assume that either p = m— lorlKp < m = 2orl<p<TO> 
2 and £^ = 2. Choose C as inEll Then by[31]and [Fed69l . 2.10.19(4), 2.9.5] 
for \\V\\ almost all a £ U there holds for some Q G T G G(n, m) and some 
M e C 

r = Tan(M,a), ©"(HFH l f/ - M, a) = 0, 
limsupr-"/PV(B(a,r))i/f < oo, 

r-™/0(r-i(z - a), S) dV{z, S) Qjj.(f>{z, T) dJf "z as r ^ 0+ 
whenever G J^^(R" x G{n,m)). Note that 

limsupr~™~2/^™^^3 .^^,^dist(z - a,r)dllFllz < oo 

as M is submanifold of class 2. It follows with 5 = 2-'"~3, Ai = T^Q that 
there exist < i? < oo and < 7 < oo such that U(a, 6i?) C C/, 

^"'""7c(T,a,.,3.)nM dist(^ - «, T) A\\V\\z + ri-™/PV(U(a, 6r))Vf < 

for < r < i?, and V satisfies the hypotheses of 14.11 for each < r < i? 
with e = s^^J^ rn, n, Q,p, S, Ai) and Af, Z replaced by Ai, C{T,a,r,3r) n M. 
With /(r) = r-™/2(/^^^^^^^^^^^^^^^^^^ \Si,-m^dViz,S)f' for < r < i? one 
defines 

A2 = I^m, n, Q,p, S, Ai), A3 = sup {2"'+^A2j, 2"'+^ R-^ f (R)} , 
one inductively infers from 14.11 

f(r) < A^r whenever < r < i?; 
in fact it holds for R/4 < r < R and, provided it holds for r, 

/(r/4) < 2"(,5A3r + A2jr) < Aair/A) 
bv 14.11 The conclusion is now evident. □ 
3 Re mark. Having at one's disposal, the proof of ^ follows Schatzle in 



Sch09l . Theorem 3.1] where the case p > 2 is treated. In extending the result 



to the pr esent case, the main difference is the use of the coercive estimate in 



Brakke 



Men09c , 3.9] i n the proof of 14. II replacing the use of corresponding estimate in 



Bra78L 5.5] (see also AUard | ,A1172. . 8.13]). 
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4-.4 Remark. For both parts the family of examples provided in MenOQal 1.2] 
shows th at if to > 2 then p cannot be replaced by any smaller number, see 



Men09d . 8.7]. 



4-5 Remark. In case of ^ combining this result with [MenOQal . 3.9], one obtains 

/B(a.r)(I^W - ^(«) ~ - a),apDR{a}) \/\z - a\f d\\V\\z ^ 

as r — > 0+ for \\V\\ almost all a where R{z) = Tan^dlFH, 2;)t, and the approxi- 
mate differential is taken with respect to (||y || , m). Using this differentiability of 
R, it will be proven, ifV additionally t o the co nditions of ^ is a curvature var- 
ifold in U in the sense of Hutchinson fHutSd. 5.2.1] then for i,j,k€{l,...,n} 

Aij^k{a, R{a)) = {R{a){ei),ap Rj,k{a)) for \\V\\ almost all a 

where ei, . . . , e„ are an orthonormal base of R", Rj^kio) = (sfc, Rio-)) • ej and 
^i,j,k ■ U X Hom(R",R") — > R are the functions occurring in the above cited 
definition of curvature varifolds. 

For this purpose suppose G &^{U). Then, using the definition of curvature 
varifold wit h (t){z,S ) = Tp{z) {ek,S)»ej for {z,S) € J7xHom(R", R") and noting 
Hutchinson |Hut86l . 5.2.3], one obtains ai(V') + 02 (V') + o-ti^) = where 

ai(V') = / {R{z){e,),D^(z)) R,^k{z) d\\V\\z, 
a2{ip) = J ^P{z)R,^k{z)h{V; z) • e, d\\V\\z, 
asiij) = jA^j^k{z,R{z))^{z)d\\V\\z. 

Defining /a : C/ — > R by f{z) = Rj^k{o) + {R{a){z — a),a,pDRj_k{a)) whenever 
a 6 dmn ap DR, z G U and 

61 (V^, a) = / {R{z){e,),Di;{z)) fa{z) d]\V\\z, 
h2{^, a) = /7/;(z)/„(z)h(T/; z) . e, d\\V\\z, 
c{9,a) = 0™(||T/||,a)X„^^(^).g(z)djr™z for g £ f^"(R") 

for ||V^|1 almost all a, and noting 

61 (V', a) + 62(V', a) = -J^Piz) (i?(z)(e,), Dfa{z)) d\\V\\z, 

one readily infers for ||V^|| almost all a, using |Fed69l . 2.9.9], 

r~"'\ai{9 ° f^i/r °T^a\U) - bi{g o fij^^^oT^a\U,a)\ 0, 
r~"'a3{g o /x^/^ o -r_a|C/) ^ Aij,fe(a, R{a))c{g, a), 
r""(6i +fe2)(ff o oT-a|C/,a) ^ - {R{a){ei), Dfa{a)) c{g,a) 

whenever g e ^°(R") and I e {1, 2}. 

4.6 Remark. Clearly, one can also obtain decay results for height quantities from 
this result by use of Men09bl . 3.11]. 



A Lebesgue points for a distribution 

In this Appendix the part g = 1 of Theorem 2] of the Introduction is provided. 
Its purpose is to clarify the relations of the sets Ai and A2 occurring in 12.171 
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A.l Lemma. Suppose m,n £ , m < n, A is a closed subset o/ R"*, R £ 
^'(R™,R""™), dist(spti?,A) > 0, < 7 < oo, anrf < r < cx) such that 

i-x g — 1 f?™^^ whenever < g < 5r. x £ A. 

Then 

|i?Li,i;a,. <r7^=S^"(B(a,4r)~A) for a £ A 
where T is a positive, finite number depending only on m. 

Proof Assume r < ^, let a £ A, 6 £ ^(R",R"-'") with spt6' C U(a,r), 
choose < e < inf{r, dist(spt R,A)}, define 

B = R" n {x : dist(x, spt(i? l 6)) < e/2} 

where R^O £ S'o{R"') is defined by {RlO){v) = R{v9) for v £ ^"(R™), and 
apply |Fed69l . 3.1.13] to obtain S, v,, and h with $ = {R"-A,R™-B}; in 
particular S' is a countable subset of IJ <&, 

h{x) = ^ sup{inf{l, dist(a;, A)}, inf{l, dist(a;, B)}} for x £ U$ 

and Vs for s £ S form a partition of unity on IJ $ with spt C B(s, 10ft.(s)) for 
s £ S. Noting U $ = R™, one defines T = 5 fl {s : B n spt z;^ 7^ 0} and infers 

J2seS'^T^six) =0 for X e R™ with dist(a;, spt(i? l 6*)) < e/2, 
hence {R^d)(J2seS'--T^'^) ~ ^ 

Choose ^(s) £ A for each s £ T such that |s - ^(s)| = dist(s,74). If s e T 
then there exists y £ B D spt Vg C B(a, r + e/2) and one observes 

dist(y, A) < ly - a| < r + e/2 < (3/2)r < | < 1, h(y) = ^ dist(y, A), 
\s-y\< 10/i(s) < 10/i(y) + i|s - yl \s - y\ < 20h{y) = dist(2;, A) < \y - a|, 
dist(s, A) < |s - y| + dist(?/, A) <2 dist(y, A) < 3r < | < 1, 
BnB(s,10/i(s)) 7^ 0, ^dist(s,S) < i/i(s), < h{s) ^ ^ dist{s , A) , 
\s - ^(s)| < |s - a| < |s - + |y - a| < 2r + e < 3r < |, 
B{s,h{s)) C B(a,4r)-yl. 

Moreover, for any x £ B(s, 10/i(s)), s £ T 

\x - < |x - s| + |s - < (3/2)|s - < 5r, 
sptv, cB(^(s),(3/2)|s-e(s)|), 
dist(s, A) < dist(x. A) + \x ~ s\ < dist(a;. A) + ^ dist(s, A), 
|s - C(s)| = dist(s,yl) < 2dist(a;, A), 
dist(x, A) < dist(s, A) + |a; - s| < | dist(s, A) < 1, 
/i(a^) > ^dist(x,A) > 
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Using the es timates of the preceding paragraph and the estimates of \Dvs\ 
given m [Fed69l . 3.1.13], one infers for s G T, since 9 has compact support in 
U(a,r), 

liDv^^.^^^^ < 40A|5 ~ m\-'r\D0\^.^ ,., 

\DM\oo;a,r < 40A(|s - ^^T't + l)|i?0|^^„,, 

where A is a positive, finite number depending only on m with 40 A > 1, hence 

\Rivse)\ < 7(3/2)™+i|s - mr+HOAils ~ as)\-'r + l)|i?0|^^,,. 
= 7(3/2)'"+i40A|. - ^(.)r (r + |. - e(s)l)l^^loo;.,. 
< 7l60A(3/2)"+ia(m)-i(20)"Vi^™(B(s,/i(s))) \D9\^.^^^^. 

Recalhng from [Fed69l . 3.1.13] that the family {B(s, h{s)) : s e S*} is disjointed, 
one concludes 

™i<r7ri-"(B(a,4r)^A)P0|^^,_, 
where r = 8(30)"+iAa(m)-i. □ 
A. 2 R emark. Some ideas of the proof were taken from Calderon and Zygmund 



CZfill . Theorem 10] and |Fed69l . 2.9.17]. 



A. 3 Theorem. Suppose 111,71 d m < n, U is an open subset of R™, 
T e ^^'{U, R"~™), and A denotes the set of all a e U such that 

limsupr-i-™|T|_i ^.^ ^ < 00. 

r^0+ ' ' ' 

Then A is a Borel set and for almost all a G A there exists a unique 
constant distribution Ta G f^'(C/, R"^™) such that 

hm r-i-™|T-r„|_,,.^^ = 0. 
Moreover, Ta depends ^™ l A measurably on a. 

Proof. The conclusion is local, hence one may assume spt T to be compact and 
U = R™. Since |r|_-^ ^.^ ^ depends lower semicontinuously on (a,r), the sets 

Ai^Wr\{a:\T\_^^^.^^ < ir™+i for < r < (10)/i} 

defined for i e are closed. Observing A = [J{Ai : i e ^}, the conclusion will 
be shown to hold for almost all a G A^. 

Let < e < b/i, choose $ e ^0(R™) with / $d^" = 1, spt$ c U(0, 1) 
and define $5(2;) = £^""$(£^^2;) for x e R™, 

T^{6) = //e • 6id^™ for 9 G ^(R",R"-") 

with /e e <S{W^, R"-") given by 

z • f,{x) = Ty{<^^{y - x)z) whenever a; G R™ and z G R"~™, 
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see 



Fed69l . 4.1.2]. Clearly T as e ^ 0+ and 



\fe{x)\ < i'2"^^^\D'^\oo,a,i for X e R", a G A, with |a; - a| < e. 

One defines to be the characteristic function of R™n{x : dist(a;, Ai) < e} and 
Se,Re e ^'(R™,R"-") by 

S,{e) = /fle/e • d^" for 9 e ^(R", R"-™), ii^ = 7^ - 5^. 

Estimating for a e A^, < g < 5r < 5/i, 6 e ^(R^.R""") with spt6' C 
U(a,e)and|Z?0|^.^^^<l 

spt($, *0) cU(a,e + e), |T,(0)| <i(e + f?)"+i <i2'"+V"+' if e < f^, 
(spti?^) n {a;:dist(a;, Ai) < £} = 0, R,{e) = if e > g, 

< 7 with 7 = 2™+iz(l + p$|^^o,i a(m)), 

Now. Em may be applied with A, R replaced by Ai, R^ to obtain 

\Re\_i,i,a..r ^ T 7 r " (B (a, 4r) ~ A, ) for < r < 

Since Li(^", R"-™) is separable, one can use |DS88l . V.4.2, V.5.1, IV.8.3] to 
infer the existence of S* e ^'(R™, R"-™), / e Loo(^™, R""™) and a sequence 
with Sj I as J — > oo such that 

S'(6l) ^ Jf'O di^™ for 6* e ^(R™, R"""), fi-^^ ^ as j ^ oo. 

Defining R = T — S and noting i?^^ —^Rasj~>oo, 

|-R|_i,i;,,, < r7rif™(B(a,4r)^ A,) for < r < l/i 

and [Fed69l 2.9.11] implies 

lim r-^-'^'lRl 1 i.„ = for if" almost ah a € A,. 

r->0+ J^:i.a,r 

Moreover, 

|/(/(:r)-/(a)).0(x)d^'"a:| < - /(a)| dif™x) r Ji^eU^.^, 

whe never a eA, 0<r<oo, 6'G ^(R",R"-™) with spte* C U(a,r) 
and |Fed69l . 2.9.9] implies that one can take Ta defined by Ta{9) = J 6{x) • 
/(o)d^"cc for e e ^(R™,R"-'") for almost all a e in the existence 
part of the conclusion. 

The uniqueness follows from l2.lBl □ 

A.^ Remark. The splitting of T into S and R was inspire d by a similar procedure 
for functions used by Calderon and Zygmund in [CZ6ll . Theorem 7]. 

Max- Planck-Institute for Gravitational Physics (Albert-Einstein-Institute), 
OT Golm, Am Miihlenberg 1, DE-14476 Potsdam, Germany 
Ulrich.MenneOaei .mpg.de 
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